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' Abstract. We prove a Simons type formula for submanifolds with parallel mean 

s ! , curvature vector field in product spaces of type M n (c)xR, where M n (c) is a space 

■ form with constant sectional curvature c, and then we use it to characterize some 

D ' of these submanifolds. 

Q" 
in 

1. Introduction 

\ In 1968, James Simons obtained an equation for the Laplacian of the second fun- 



(N 

in 



damental form of a minimal subamanifold of a Riemannian manifold (see |17j). He 
then applied this theorem in several ways; in particular by characterizing certain 
minimal submanifolds of spheres. Over the years, such formulas, nowadays called 
Simons type equations, proved to be a powerful tool not only for studying minimal 
submanifolds in Riemannian manifolds, but also, more generaly, for studying sub- 
manifolds with constant mean curvature (cmc submanifolds) or with parallel mean 
curvature vector (pmc submanifolds). A special attention was paid to cmc and pmc 
submanifolds in space forms, articles like 02 El QUI [El [TBI ES] being only a few 
examples of contributions on this topic in which Simons type formulas are used to 
prove gap and reduction of codimension theorems. An excellent presentation of the 
classical result of Simons and some of its applications can be found in the very recent 
£NJ ■ book [Sj. The authors point out, for example, how Simons' equation can be used to 

obtain curvature bounds for minimal surfaces with small total curvature and also 
curvature estimates for stable minimal surfaces in R 3 , and then, more generally, for 
stable minimal hypersurfaces in R n . 

Recently, such equations were obtained for cmc and pmc submanifolds in product 
^ ■ spaces of type M n (c) x R, where M n (c) stands for an n-dimensional space form 

with constant sectional curvature c, and then used to characterize some of these 
submanifolds (see, for example, [6j[T2]). More exactly, in [6J the author computed 
the Laplacian of the second fundamental form of a cmc surface in M 3 (c) x R, as 
well as the Laplacian of the traceless part of the Abresch-Rosenberg differential 
introduced in [JJ for such surfaces, whilst in [12] it was found the expression of the 
Laplacian of |j4#| 2 for a pmc submanifold in M n (c) x R with shape operator A and 
mean curvature vector field H. 

In our paper, we first compute the Laplacian of the second fundamental form of a 
pmc submanifold in M n (c) x R and then we use this Simons type formula to prove 
some gap theorems for pmc submanifolds in Af n (c) x R when c > and the mean 
curvature vector field H of the submanifold makes a constant angle with the unit 
vector field £ tangent to R, or when c < and H is orthogonal to £. 
Our main results are the following four theorems. 
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Theorem 14.41 Let T, m be an immersed complete non-minimal pmc submanifold in 
M n {c) x R, n > m > 3, c > 0, with mean curvature vector field H and second 
fundamental form a. If the angle between H and £ is constant and 

l9 2c(2m + 1) lm ,n m 2 . TT|9 

a 2 + — i T 2 < 2c+ H 2 , 

m m — 1 

where T is the tangent part of £, i/ien S m is a totally umbilical cmc hypersurface in 
M m+1 (c). 

Theorem 14.51 Le£ S m 6e on immersed complete non-minimal pmc submanifold in 
M n (c) x R, n > m > 3, c < 0, with mean curvature vector field H and second 
fundamental form a. If H is orthogonal to £ and 

l9 2c(m + 1) lml9 , m 2 

of + — T 2 < 4c + H 2 , 

m m — 1 

i/ien S m is a totally umbilical cmc hypersurface in M m+1 (c). 

Theorem 14.61 Let X 2 6e a complete non-minimal pmc surface in M n (c) xl, n > 2, 
c > 0, such that the angle between H and £ is constant and 

\a\ 2 + 3c\T\ 2 <A\H\ 2 + 2c. 

Then, either 

(1) £ 2 is pseudo-umbilical and lies in M n (c); or 

(2) S 2 is a tores S x (r) x S 1 ^^ - r 2 ) in M 3 (c) ; toit/i r 2 ^ ^. 

Theorem 14. 7L Let X 2 6e a complete non-minimal pmc surface in M n (c) xl, n>2, 
c < 0, sucra f/iaf H is orthogonal to £ and 

|cr| 2 + 5c|T| 2 <4|H| 2 + 4c. 

T/ien E 2 is pseudo-umbilical and lies in M n (c). 

Acknowledgments. The first author would like to thank the IMPA in Rio de 
Janeiro for providing a very stimulative work environment during the preparation 
of this paper. 

2. Preliminaries 

Let M n {c) be a space form, i.e. a simply-connected n-dimensional manifold with 
constant sectional curvature c. Thus, M n (c) will be the sphere S n (c), the Euclidean 
space, or the hyperbolic space H n (c), as c > 0, c = 0, or c < 0. Now, let us consider 
the product manifold M = M n (c) x R. The expression of the curvature tensor R of 
such a manifold can be obtained from 

{R(X,Y)Z,W) = c{(d-KY,d-KZ){d7rX,dTTW) - {dirX,dTrZ){dirY,dirW}}, 

where tt : M = M n {c) xl-> M n (c) is the projection map. After a straightforward 
computation we get 

R(X, Y)Z= c{(Y, Z)X - (X, Z)Y- (Y, £> (Z, £)X + (X, £> (Z, £) Y 

(2.1) 

+(X,Z)(Y,0^-(Y,Z)(X,0O, 



where £ is the unit vector tangent to R. 
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Let Ti m be an m-dimensional submanifold of M . From the equation of Gauss 
(R(X,Y)Z,W)= (R(X,Y)Z,W) 

+ Eli 1 m+ i{(AaY,Z)(A a X,W) - (A a X,Z)(A a Y,W)}, 
we obtain the expression of its curvature tensor 

R(X,Y)Z = c{(Y,Z)X - {X,Z)Y - (Y,T)(Z,T)X + {X,T){Z,T)Y 

(2.2) +{X,Z)(Y,T)T - {Y,Z)(X,T)T} 

+ E n a t 1 m+1 {(A a Y,Z)A a X - (A a X, Z)A a Y}, 

where T is the component of £ tangent to T, m and A is the shape operator defined 
by the equation of Weingarten 

V X V = -A V X + VjcV, 

for any vector field X tangent to S m and any normal vector field V. Here V is 
the Levi-Civita connection on M, is the connection in the normal bundle, and 
A a = Afi a , {S Q }^iJ 7l+1 being a local orthonormal frame field in the normal bundle. 

Definition 2.1. A submanifold S m of M n (c) x R is called a vertical cylinder over 
S m~i j£ S m _ ^-l^m-l^ where n : M n (c) x R ^ M n (c) is the projection map 
and E m_1 is a submanifold of M n (c). 

It is easy to see that vertical cylinders S m = 7r _1 (S m_1 ) are characterized by the 
fact that £ is tangent to S m . 

Definition 2.2. If the mean curvature vector field H of a submanifold S m is parallel 
in the normal bundle, i.e. V^H = 0, then E m is called a pmc submanifold. 

Remark 2.1. It is straightforward to verify that S m = 7r _1 (S m_1 ) is a pmc vertical 
cylinder in M n (c) x R if and only if S m_1 is a pmc submanifold in M n (c). More- 
over, the mean curvature vector field of S m is H = ^^Ho, where Ho is the mean 
curvature vector field of S m_1 . 

We end this section by recalling the following three results, which we shall use 
later in this paper. 

Lemma 2.3 ([7J). Let ai, . . . , a m , where m > 1, and b be real numbers such that 

(2.3) (J>) >(n-l)£a? + &. 

i=l i=l 

Then, for all i ^ j, we have 

, , b 

(2.4) 2aia 7 - > . 

n — 1 

Moreover, if the inequality (j2.3j) is strict, then so are the inequalities ([27 



Lemma 2.4 (|14|). Lei Ai,...,^, where p > 2, be symmetric m x m matrices. 
Then 

v , P 

£ {JV(4»4, " 4b4») + (trace(A a ^)) 2 } < - ( £ jV(A c 
a,/8=l a=l 

where N(A) = trace(vl i j4). Equality holds if and only if either 
(1) A x = . . . = A p = 0; or 
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(2) only two matrices A ao and Ag are different from the null m x m matrix. 
Moreover, in this case, N(A ao ) = N(Ag Q ) = L and there exists an orthogonal 
matrix T such that 



T A aQ T 



( 1 
0-10 




o \ 













T l A B ,T 



( 1 
1 




o \ 













Theorem 2.5 (Omori-Yau Maximum Principle, [20]). IfT, m is a complete Riemann- 
ian manifold with Ricci curvature bounded from below, then for any smooth function 
u € C 2 (S m ) with sup S m u < +oo there exists a sequence of points {pk}k€N C S m 
satisfying 

lim u(p k ) = supu, \Vu\(p k ) < - and Au(p k ) < — ■ 



3. A Simons type formula for pmc submanifolds in M n (c) x E 

Let S m be an m-dimensional pmc submanifold in M n (c) x R with mean curvature 
vector field H. 

In the following, we shall compute the Laplacian of the squared norm of the second 
fundamental form a of S m , where a is defined by the equation of Gauss 

V X Y = V x Y + a(X,Y) 

for any tangent vector fields X and Y. 

Let {E m+ i, . . . ,E n+ i} be a local orthonormal frame field in the normal bundle. 
Then, normal connection forms s a p are determined by 

n+1 



Vj^Q — ^ S a g(X)Eg 



=m+l 



for any vector field X tangent to S n and any a 6 {m + 1, . . . , n + 1}. It is easy to 
see that s Q/ g = —sg a and that 

= ^Vi(tracea) = ± ^ V^((trace A*)#a) 

= is E«im+i( x ( trace ^") - EjL+i «a/3p0 trace A^)E Q . 
Therefore, the mean curvature vector field -ff is parallel if and only if 

n+1 



(3.1) 



X (trace A Q ) — s a g(X) trace = 

/3=m+l 



for all a's. 

Now, from the Codazzi equation, 

(R(X,Y)Z,E a ) = (V x a(Y,Z),E a ) - (a(V X Y, Z), E a ) - (a(Y,V x Z), E a ) 

-(V Y a(X, Z),E a ) + (a(V Y X, Z),E a ) + {a(X, V Y Z),E a ), 
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we get 

(R(X,Y)Z,E a ) = X({A a Y,Z)) - (a(Y, Z),V x E a ) - (A a (V x Y),Z) 
-(A a Y,V x Z)-Y((A a X, Z» + {a(X,Z),V Y E a ) 
+ (A a (V Y X),Z} + (A a X,V Y Z) 
= ((V x A a )Y-{V Y A a )X,Z) 

-(E&i(v(W " s a p(Y)A p X), Z). 
Therefore, using (|2.ip . we obtain 

{V x A a )Y = (V Y A a )X + ESLn(vW^ y " s a p(Y)A X) 

(3.2) 

+ c (^ Q ,iv)((y,T)x-(x,T)y), 

where N is the normal part of £. 

Next, we have the following Weitzenbock fromula 

(3.3) 7,&\A a \ 2 = \VA a \ 2 + (trace V 2 A a ,A a ), 

where we extended the metric (, ) to the tensor space in the standard way. 

The second term in the right hand side of (|3.3p can be calculated by using a 
method introduced in [15] and developed in [ID] . 

Let us consider 

C a (X,Y) = (V 2 A a )(X,Y) = V x (V Y A a ) - V VxY A a , 
and note that we have the following Ricci commutation formula 

(3.4) C a (X,Y) = C a (Y,X) + [R(X,Y),A a ]. 

Next, consider an orthonormal basis {ej}^ in T p T, m , p £ S m , extend ej to vector 
fields Ei in a neighborhood of p such that {Ei} is a geodesic frame field around p, 
and let us denote X = Ek- We have 



(trace W 2 A a )X = C a (E h Ei)X. 



i=i 



Using equation (j3.2j) . we get, at p, 
C a {E h X)Ei= VE^VxA^Ei) 

= V Ei {{V Ei A a )X) + ViilEgLfi^W^ - s a/3 (^)^X)) 
+cV Bi ((£ a ,iV>(<£i,T>X - (X,T)Ei)) 
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and then 

C a (Ei, X)Ei = C a (Ei, Ei)X 

+^EAYT= 1 m+ iMX)A p E l - aaP (Ei)ApX)) 

(3-5) +c(^tl l+1 Sa^E i )E p ,N)((E i ,T)X - (X,T)E t ) 

-c(A a E h T)((E u T)X - (X,T)Ei) 

+c{E a ,N)((A N E i ,E i )X - (A N X,EjEi), 

where we used a(Ei,T) = — V^.iV and Vg^T = A^E{, which follow from the fact 
that £ is parallel, i.e. V£ = 0. 
We also have, at p, 

(3.6) C a (X, Ei)Ei = VxUVeME,), 

and then, from (|3.4p . (j3.5j) and ()3.6[) . we get 

C a (Ei,Ei)X = VxdVEkAjEj + iRiE^X^AvlEi 

-^(E&i(MW^ - s a0 (Ei)ApX)) 

-cEft+i S ^(^)^,^)((^,r)x-(x,r)^) 

+c(A a Ei,T)((E h T)X - {X,T)Ei) 
-c{E a ,N)((A N Ei,Ei)X - (A N X,Ei)Ei). 
Since V^-Aq, is symmetric, from (|3.2p one obtains 

-E™l(E/£m+l Sa/3(Z)ApEi,Ei) 

(3.7) 

+c(E a ,N) Y%Li{Ei,(Z,T)Ei - (Ei,T)Z), 

which, together with (|3.ip . leads to 
(3-8) 

(EdLii^EiAc^E^Z) = Z(traceA a ) - E/?im+i s a p(Z) trace Ap 

+ <E™ i E£fi ScpiEjApEi + c(m - 1)<£ Q , iV)T, Z) 
= <E£i E^„+i SopiEjApEi + c(m - l)(£ a , JV)T, Z), 
for any vector Z tangent to E m . 
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Therefore, we have 
(3.9) 

(trace V 2 A a )X = EZl C a(E h E { )X 

= YT=i ES+i{^(v(^))^ + ScpiEjVxApEi 
-E^s^X^ApEi - s aP {X)V Ei A p Ei 
+E i {s aP {E i ))ApX + s a p(Ei)V Ei ApX} 
+c(m - s a$ (X)E p ,N)T 
-cEr=i(E£ +1 s^E^E^N^iE^X - (X,T)Ei) 
+c(A a T,T)X - c{X,T)A a T - cm(E a ,N){H, N)X 
+cm(E a ,N)A N X - c(m - 1) (A a T, X)T 

Now, using the Ricci equation 

(R L {X,Y)E a ,E p ) = ([A a ,A p ]X,Y) + (R(X, Y)E a , E p ), 
we get, after a straightforward computation, 

Si Em.i(^(v(^))^ - i^PQM/^) 

= E"i ES+i((^v)(W - (v^MPOA?^) 

(3-10) 

= E/3=m+l As[A*, Aa]^ - E™1 E/3, 7 =m+l S al {E i )s 1 p{X)ApE i 
+ E™1 E^Lm+1 S a7 (X)s 7( g( J Bi),4 / g J Bj. 

From (I3.2p . we have 
(3.11) 

-c(E p ,N)((X,T)Ei - (Ei,T)X) 

- Y^tl+xisM^A^X - s^X^Ei)}. 

We use now (|3.8p to compute 
(3-12) ^ 

= EI^l E^Lm+1 S a/3( X ) S /37( jE i)- 4 7 S i 

+c(m- lXESSvf! s af >(X)E p ,N)T. 
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From the Gauss equation (|2.2p of £ m , we get 
(3.13) 

J2iLi R ( E i » X)A a Ei = c{A a X - (trace A a )X + (trace A a ) (X, T)T 

-(A a X, T)T - (X, T)A a T + (A a T, T)X} 
+ T,p£ n +i{AfiA a ApX - (trace(A*4g))^X}, 

and 

Y:Zi A aR(Ei,X)Ei = -c{(m - 1 - \T\ 2 )A a X - (m - 2)(X,T)A a T} 

(3.14) 

+ " (trace Ap)A a A p X}. 

Finally, taking into account that 

Ei( 8afi (Ei))A p X = (V Ei s a p)(Ei)ApX 

and then replacing (fHTTUD . (i3~lH . (|3"7T2"1) . (|3"7T3l and (pTL4l in (|3"U|) . we obtain, after 

a long but straightforward computation, 

(3.15) 

(trace V 2 A a ,A a ) = ((trace V 2 A a )E u A a Ei) 

= SiEfifi 2 S ^(E,) trace((V^)A a ) 
- E/j^L m +i 8arf(Ei)syp(Ei) trace(A Q ^) 

+ E£ + i(V £i s^)(£i) trace(A*A?)} 

+c{{m- \T\ 2 )\A a \ 2 -2m\A a T\ 2 + 3(traceA a )(A a T,T) 

+m(tr&ce(ANA a )){E a , N) — (trace A a ) 2 

-m(trace A a ){H, N) (E a , iV) } 

+ { (trace A^) (trace (A 2 a Ap)) + trace [A Q ,Ap} 2 

-(trace(A CfJ 4 ( g)) 2 }. 

From equation (13.3H . we know that 

_. ^ n+1 n+1 

(3.16) 2 A|fT|2 = 2 E A l^| 2 = E {|VA a | 2 + (trace V 2 A Q ,A Q }}, 

a=m+l a=m+l 

and, in order to estimate this Laplacian, we first note that 

n+1 n+1 



(trace A a ) (A a T, T) = m((r(T, T) , H) , ^ (trace(A N A a ))(E a , N) = \A 



,2 

N , 



a=m+l a=m+l 

n+1 n+1 



(trace A a )(H,N)(E a ,N) = m(H,N) 2 , ^ (trace A a f = m 2 \H\ 2 , 

a=m+l a=m+l 
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and, since s a p = —sp a , that 

n+l 

(^EiSa^iEi) trace^^g) = 0. 

o,/9=m+l 

Next, we easily get 

(V L a)(X y Y,Z) = V x a(Y,Z)-a(V x Y,Z)-a(Y,V x Z) 

= E n a tl +1 ((V x A a )Y - SapWApY, Z)E a 

for all tangent vector fields X, Y and Z, and then 

= EiJ=l((^ 7 EiA a )Ej - Y^tln+l s ap{Ei)ApEj, 

(S/e^Ej - s^iEjAyEj), 

which means that 

IV^^I 2 = E^U{|V^| 2 + E^i(E^ + i 2 ^(^)trace((V £i ^)^) 

- E^Lm+i Saj{Ei)s^(Ei) trace(A a Ap))}. 
Using ()3.15p and (|3.16p . we can state the following proposition. 

Proposition 3.1. Let S m be a pmc submanifold of M n (c) xR, with mean curvature 
vector field H , shape operator A, and second fundamental form a. Then we have 

iAH 2 = |V^| 2 + c{(m-|r| 2 )|a| 2 -2mE^ + il^| 2 

+3m{a(T,T),H) + m\A N \ 2 - m 2 {H, N} 2 - m 2 \H\ 2 } 

+ ESim+itt^ 6 ^4/3)(trace(^ 2 A p )) + traced, A p } 2 

-(trace^y^)) 2 }, 
where {-E Q }™iJ ri+1 is a local orthonormal frame field in the normal bundle. 
Corollary 3.2. IfT, rn is a minimal submanifold of M n (c) x R, then we have 
iAH 2 = |V ± a| 2 + c{(m-|r| 2 )| CT | 2 -2mE«tL + il^! 2 + ^l^| 2 } 

+ £S=m+i { trace [A*, M 2 ~ (trace(A,A3)) 2 }. 

Now, let us consider T, m a non-minimal pmc submanifold of M n (c) x R and then, 
for any normal vector field V, define 4>y = Ay — tTax ^ Av I, the traceless part of Ay. 
We shall also consider <j) the traceless part of a, given by 

c/ ) (X,Y) = a(X,Y)-(X,Y)H. 

It is easy to see that = V ± a, \a\ 2 = \<P\ 2 +m\H\ 2 and \A V \ 2 = \<py\ 2 + ( trac ^) 2 . 
It is also easy to obtain, from the Ricci equation, that if a normal vector field V is 
parallel in the normal bundle, then [Ay, Ajj] = for all normal vector fields U. 

Let {E m+ i, . . . ,E n+ i} be a local orthonormal frame field in the normal bundle 
such that E m+ \ = ^ . Then, we obtain the following corollary directly from Propo- 
sition 13.11 
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Corollary 3.3. If S m is a non-minimal pmc submanifold of M n (c) x R, then we 
have 

±A|0| 2 = |V ± 0| 2 + (c(m-|r| 2 ) + m|F! 2 )j0| 2 -2 C mE:i™ + il^ T l 2 
-cm(4>(T, T),H) + cm\<p N \ 2 +m\H\ Ea^L+i trace (^a<?Wl) 

+ E«,/i>,n+l traCe [i.^] 2 - EaJ=m+l( tr ace((/> Q ^)) 2 . 

In the following, we shall compute the Laplacian of the squared norm of the 
tangent part T of £. 

As above, let us consider an orthonormal basis {e^}^ in T p S m , p £ S m , and 
then extend to vector fields Ei in a neighborhood of p such that {E{\ is a geodesic 
frame field around p. Then, at p, we have 

and, since V ' x^-N is symmetric, 

ET=i(Ve 1 AnE 1 ,t) = YZAv Ei An)e u t) 

= Y,Zi((V Et AN)T,E t ) = j:™ 1 (V Ei A N T-A N V Ei T,E t ) 
= EZiWe^tT -V Vjs .rr,£?i) 

= Etid^TANE^E^-iR^E^Ei}) 
= T(trace Ajv) - YT=i(R{T, EjT, Ei) 
= mT{{H,N))-YZi{^ E i) T ^ E i) 

= -m{a(T,T),H))-ZT=i(R( T , E i) T '^) 

where we used V^T = A N X and V^iV = -cr(X,T). 
From the Gauss equation (|2.2p . it follows that 

m n+1 

J2(R(T,Ei)T,Ei) =c(l-m)\T\ 2 (l-\T\ 2 )+ {|A Q T| 2 - (trace A a ){A a T, T)}, 

i=l a=m+l 

and then we get 

±A|T| 2 = \A N \ 2 -m(a(T,T),H)) + c{m-l)\T\ 2 (l-\T\ 2 ) 

-Zltl+iilAaTl 2 - (trace A a )(A a T,T)}, 

where {-E Q }^iJ ri+1 is a local orthonormal frame field in the normal bundle. 
We conclude with the following proposition. 
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Proposition 3.4. Let S m be an m- dimensional pmc submanifold in M n (c) x R, 
with shape operator A. Then we have 

-. n+l 

-A\T\ 2 = \A N \ 2 + c(m-l)\T\ 2 (l-\T\ 2 )- ^ \A a T\ 2 . 

a=m+l 

4. Some gap theorems for pmc submanifolds in M n (c) x R 

In this Section we shall present some applications of Propositions 13.11 and 13.41 in 
the study of pmc submanifolds. First we have the following result. 

Proposition 4.1. Let T, m be an immersed complete pmc submanifold in M n (c) x R 
with second fundamental form a. If 

sup{\a\ 2 + c(m - 1)|T| 2 } < max{0, c(m - 1)}, 

s m 

then either 

(1) S m lies in M n (c), if c > 0; or 

(2) S m is a vertical cylinder ir~ l (£ m_1 ) over a pmc submanifold S m_1 m M n (c), 
i/c < 0. 

Proof. Let us consider first the case when c > 0. Then, from Proposition 13.41 using 
our hypothesis, we have that 

±A|T| 2 = \A N \ 2 + c(m - 1)\T\ 2 (1 - \T\ 2 ) - ^ \A a T\ 2 

> \T\ 2 (c{m- 1)(1 - \T\ 2 ) - \a\ 2 ) 

> 0. 

Next, let us consider a local orthonormal frame field {Ei} 1 £ =1 on S m , X a unit 
tangent vector field, and an orthonormal frame field in the normal 

bundle. From equation (|2.2p . we get the expression of the Ricci curvature of our 
submanifold 

Ric* = ET=i( R ( E i> X ) X > E i) 

= IXiMm 2 - (X^,) 2 - (X,T) 2 + 2(X,T)(T,E t )(X,E t ) 

= C (m-1-\T\ 2 - (m-2)(X,T) 2 ) + m(A H X,X) - YZtl+ilAaXf. 
It follows that 

RicX > c(m - 1)(1 - |T| 2 ) - m|^X| - Ea±m+1 IA»| 3 

> — m|Aff| — l°~| 2 - 

Since \a\ is bounded by hypothesis, we can see that the Ricci curvature is bounded 
from below, and then the Omori-Yau Maximum Principle holds on E m . 

Therefore, we can use Theorem 12.51 with u =\T\ 2 . It follows that there exists a 
sequence of points {pfcjfcgN C S m satisfying 

lim \T\ 2 (pk) =sup|T[ 2 and A\T\ 2 (pk) < — . 

k— >oo ym h 
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Since sup S m{|<7| 2 + c(m — 1)|T| 2 } < c(m — 1), it follows that = lim^oo \T\ 2 (pk) = 
sup^m \T\ 2 , which means that T = 0, i.e. S m lies in M n (c). 

When c < 0, we come to the conclusion in the same way as above, using the facts 
that 

iA|Af = -±A|T| 2 = -|^| 2 - c(m - 1)|T| 2 (1 - |T| 2 ) + ZlH+i |A*T| 2 
> \N\ 2 {-\a\ 2 - c{m - l)\T\ 2 ) 

>o, 

and that 

RicX > c(m — 1) — m|Aff| — \cr\ 2 , 
and then applying Theorem 12.51 to function u = \N\ 2 . □ 

For minimal submanifolds in M n (c) x R, with c > 0, we have the following result. 

Proposition 4.2. Let S m be a complete minimal submanifold in M n {c) x R, with 
c>0. If 

sup{3|o-| 2 + 2c(2m + 1)|T[ 2 } < 2cm, 
then E m is a totally geodesic submanifold in M n (c). 

Proof. From Corollary l3.21 since Schwarz inequality implies that |A Q T| 2 < |T| 2 |A a | 2 , 
using |Ajv[ 2 > and Lemma 12.41 we obtain 

A|cr| 2 > — (3|cr| 2 + 2c((2m + 1)|T| 2 - m))\a\ 2 > 0. 



As we have seen, since |cr| is bounded, the Ricci curvature of S m is bounded from 
below, and then we can apply the Omori-Yau Maximum Principle to function u = 
\a\ 2 . One obtains that there exists a sequence of points {paJ/cgn C S m satisfying 

lim |<r| 2 (pfc) = sup \a\ 2 and A\a\ 2 (pk) < 7 , 

k— ¥00 2 m rC 

from where it follows that = lim^oo | c" | 2 C^fc ) = sup S m |cj| 2 , which means that 
a = 0. Moreover, = and then the hypothesis imply that \T\ 2 = constant < 1. 
From Proposition I3.4| it follows that T = 0, which means that our submanifold is 
totally geodesic in M n (c). □ 

Before stating our first main result, we shall prove the following lemma, which 
shall be then used in its proof. 

Lemma 4.3. Let S m be an immersed non-minimal pmc submanifold in M n (c) x R 
with mean curvature vector field H . Then we have 



A{H,N) = -c(m-l)\T\ 2 (H,N) - trace (A H A 



Proof. Let {E^^i be a geodesic frame field around a point p G S m . Then, since H 
is parallel and V^-iV = — o~(X, T), we have, at p, 

m m 

A{H,N)=Y,Ei{Ei{{H,N))) = -Y J E i {{A H T,E i )). 

i=i i=i 
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Using the facts that V x-^-H is symmetric and that V ' xT = A^X, and also equation 
(H2D, we get 

A(H,N) =-ZT=iE i ((A H T,E i )) = - ET=i^E t A H T, E t ) 
= -Y£=MVE i A H )T,E i ) + (AhVe^E,)) 
= -YZLi((VE i AH)E i ,T)-ixace(A H A N ) 
= -c(m-l)\T\ 2 (H, N) -tmce(A H A N ). 

□ 

Our main results are similar to those obtained in [5] [8] for the pmc submanifolds 
of a sphere and Euclidean space, and, again as in the above cited papers, their proofs 
rely on the use of formulas obtained in Section [3] and of Lemmas 12.31 and 12.41 



Theorem 4.4. Let E m be a complete non-minimal pmc submanifold in M n {c) x R, 
n > m > 3, c > 0, with mean curvature vector field H and second fundamental form 
a. If the angle between H and £ is constant and 

,9 2c(2m + 1) m 2 . l9 

4.1) \a 2 + — — T 2 <2c + LET 2 , 

m m — 1 

then T, m is a totally umbilical cmc hypersurface in M m+1 (c). 

Proof. We shall prove first that S m actually lies in a space form M m+1 (c), and, in 
order to do that, we will show that, if {E m+ i, . . . , E n+ \} is a local orthonormal frame 
field in the normal bundle such that E m+ \ = Mr, then A a = for all a > m + 1. 

Let us recall now a formula proved in [12], which can be also obtained as a 
particular case of the computation in Section [3] tacking into account that, since 
E m+ \ is parallel, we have L4 m +i, A a ] = for all a > m + 1, 
(4.2) 

iA|^ m+1 | 2 = \VA m+1 \ 2 + c{(m-\T\ 2 )\A m+1 \ 2 -2m\A m+1 T\ 2 
+3m(a{T, T),H) + m(tmce(A N A m+1 ))(E m+1 , N) 
-m 2 (H, N} 2 - m 2 \H\ 2 } 

+ E«!l + i{(tracei a )(trace(4j l+1 i tt )) - (trace(An+i A Q )) 2 }. 

*>m+l 



Next, we define the function \A\ 2 on S m by \A\ 2 = ^2 a>m+ i \A a \ 2 , and, using 



^2]) . we obtain, from Proposition 13. 1| that 
(4.3) 

l^\A\ 2 = E a>m+ i\V*A a \ 2 + c{(m-\T\ 2 )\A\ 2 -2mj: a>m+1 \A a T\ 2 

+m\A N \ 2 - m(tr&ce(A N A m+1 ))(E m+1 ,N)} 

+ 12a>m+i{( traceA rn+i)(trace(A 2 i A m+ i)) - (trace(vl a An+i)) 2 } 

+ E Q ,/3> m +i{ trace [^«^/3] 2 - (trace^vl^)) 2 }, 
where V* is the sum of the tangent and normal connections and 

V x A a = V x A a - J2 s *p( x ) A P- 

/ 9>m+l 
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The Schwarz inequality implies that 

(4.4) \A a T\ 2 >-\T\ 2 \A a \ 2 = -\T\ 2 \A\ 2 . 

a>m+l a>m+l 

Prom Lemma 14.31 since (H,N) = constant, we have 

(4.5) \A N \ 2 -(tmce(A N A m+1 ))(E m+1 ,N) = \A N \ 2 + c(m - l)\T\ 2 {E m+1 , N) 2 > 0. 
Since traceL4 a , Ap] 2 = —N(A a Ap — ApA a ), using Lemma [2^41 we get 

(4.6) Y, {trace[A Q ,^] 2 -(trace(^)) 2 }>-^( £ \A a \ 2 )* = -^\A\ A . 

a,(3>rn+l a>m+l 

Next, we shall evaluate the term 

{(trace A m +i )(trace(^ 2 A m+1 )) - (trace(^ a A m+ i)) 2 } 

a>m+l 

in (14. 3ft . In order to do that, we note first that, since L4 m +i,.A Q ] = 0, the matrices 
A m+ i and A a can be diagonalized simultaneously, for each a > m + 1. Let Aj and 
Xf , i = 1, . . . , m, be the eigenvalues of A m+ i and A a , respectively. Then, for each 
a > m + 1, we have 

(trace A m+1 ) (trace (A 2 a A m+1 )) - (trace(^ a ^ m+ i)) 2 

(4.7) = (ET=i A0(E7=i W ) 2 ) " (YZi A,Af )(E™ ! W?) 

= ^£™ =1 WA?-A«) 2 . 

Our hypothesis (14. ip can be written as 

(m\H\) 2 >(m- l)\A m+1 \ 2 + {m -l)(\A\ 2 + 2c{2m + l ) \ T ? - 2c) 
which means that 

(4.8) (J>) >(m-l)^(A l ) 2 + (m-l)(|^| 2 + ^±^|T| 2 -2 C ). 

Thus, from Lemma [2 .31 it follows that 

(4.9) A,A 3 ->^| 2 + C(2m + 1) |T| 2 - C , 

2 m 



for i ^ j, and then 
(4.10) ' 



^£™=iWa?-a?) 2 > i(iN 2 + 2i^til|r| 2 -c)Eri=i(A?-A 



i + £0Ewl| r |a _ c i((Af )2 _ w) 



(^|^| 2 + c(2m + 1)|T[ 2 - cm)|A Q | 2 

'^A\ 2 + c -^\T\ 2 -c){YZiK 
{^\A\ 2 + c(2m + 1)|T| 2 - cm)\A a \ 2 . 
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Replacing in (|4.7p . we get 

Z^ a >m+i{( trace ^m+i)( trace (^a^m+i)) - (trace(A a ,4 m+ i)) 2 } 



(4.11) 



> (f \A\ 2 + c(2m + 1)|T| 2 - cm)\A\ 2 . 



Now, from (JOJ), (JOJ), fljljj) and ([431]) . one obtains 

(4.12) iA|^| 2 >^|^| 4 . 

As we have seen in Proposition 14.11 the fact that |<r| is bounded implies that the 
Ricci curvature of S m is bounded from below. Therefore we can apply Theorem 12.51 
to function u = \A\ 2 , and we get that there exists a sequence of points {p^lfceN C S m 
satisfying 

lim |^l| 2 (^ fc ) = sup |^l| 2 and A\A\ 2 (p k ) < \. 

k— >oo j] m to 

From the inequality (|4.12p it follows that 

= lim A\A\ 2 (p k ) > (m - 3) sup \A\ 2 > 0, 

i.e. (m — 3) sup S m \A\ 2 = 0. Therefore, we get that m = 3 or |^4| 2 = 0. 

Next, we shall split our study in two cases as m > 4 or m = 3. 

Case I: m > 4. In this case, we have \ A\ 2 = 0, and then A a = for all a > m + 1. 
Moreover, all inequalities (|4.4p . (|4.5p . (|4.6p and (|4.1ip become equalities. Since 
An = 0, we get that |T| 2 is constant and that (H,N) = 0. We also have 

= X((H,N)) = (H,VjtN) = -\H\(E m+1 ,a(T,X)) = -\H \(A m+1 T, X), 

for any tangent vector field X. Therefore, from Proposition 13.41 it follows that 

= c(m-l)|T| 2 (l-|T| 2 ), 

i.e. either T = or T = ±£. 

If T = ±£, then S m is a vertical cylinder 7r _1 (S m_1 ) over a pmc submanifold 
yjm-i - n j\/fn( c ") w ith second fundamental form o"o, satisfying |o"o| = |ct|, and mean 
curvature vector field Hq = j^jH. Then, condition (]4.1j) can be rewritten as 

M 2 < (m - l)\H \ 2 - 2c(m + 1) < (m - l)|if | 2 , 

m 

which is a contradiction, since the squared norm of the traceless part </>o of gq satisfies 

o< \U 2 = M 2 -(™-i)l#ol 2 - 

Hence, we have T = 0, i.e. £ is normal to S m . Since A Q = for all a > m + 1, it 
follows that the subbundle L = span{<r} = spanji?} of the normal bundle is parallel, 
i.e. V V € L for all V € L. Now, one can see that TS m 0L is parallel, orthogonal to 
£, and invariant by the curvature tensor .R. Using |11| Theorem 2], all these lead to 
the conclusion that S m lies in an m + 1-dimensional totally geodesic submanifold of 
M n (c) x M, which is also orthogonal to £, i.e. S m is a cmc hypersurface in M m+1 (c). 

Case II: m = 3. We shall prove that \ A\ 2 = in this situation too, which means, 
as we have seen above, that S 3 is a cmc hypersurface in M 4 (c). 

Our hypothesis (14. ip implies that the sequence {afj (pfc)}fceN> where 

af 3 = {a{Ei,Ej),E a ), 
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is bounded for all i, j and a. We also know that the sequence {\T\ 2 (pk)}keN 1S 
bounded. Therefore, there exits a subsequence {pk r }k r eN of {p/cjfceN such that the 
following limits exit 

af, = lim afApk r ) < oo and |T| 2 = lim \T\ 2 (p kr ) < oo, 

k r — s-oo k r ~ ¥00 

and we denote by 

A a = lim A a (p kr ) 

k r —>oo 

the matrix with the entries of. 

From limfc r _ i , 00 A|„4| 2 (p£. r ) = 0, it follows that, when we take the limit after k r — > 
oo, all inequalities (|4.4|) . (14. 5|) . (14. 6p . and (|4.1ip become equalities. Then, from (|4.6|) 
and (|4.1ip we obtain 
(4-13) 

{tr&ce[A a ,Ap} 2 - (tr&ce(A a Ap)) 2 } = --(Y,\A a \ 2 ) = -- ( sup |„4| 2 ) 

and 

2^ Q>4 { (trace i 4 ) (trace (i 2 i 4 )) - (trace(A a i 4 )) 2 } 
(4-14) = (| £ Q>4 |I Q | 2 + 7c|T| 2 - 3c) £ Q >4 |i Q | 2 

= (| sup E 3 \A\ 2 + 7c\f\ 2 - 3c) sup s3 \A\ 2 , 

respectively. From (|4,13p and Lemma 12.41 it follows that either 

(1) A 5 = ... = A n+1 = 0; or 

(2) only two matrices A ao and Ap are different from the null m x m matrix, 
|j4 ao | 2 = | A/3 1 2 = L, and there exists an orthogonal matrix T such that 

rj- ( 1 \ rr/ 1 

(4.15) T*i Q0 T = A/- 0-10, T t A ft) T=W- 1 

V \ / v \ooo 

In the first case, one obtains 

= V|A Q | 2 = sup|.4| 2 , 

which means that |^4| 2 = or, equivalently, that A a = for all a > 4. 

In the following, we shall assume that the second case occurs, and we will come 
to a contradiction. 

Restricting (|4.10p to the sequence of points {pk r }k r eN an d then taking the limit, 
we get, also using (|4.14p . that 



£ WA? - A") 2 = (1 sup \A\ 2 + hf\ 2 -c)f^ (X? ~ AJ 



where Aj = lim^-Kx, Aj and Xf = lim^^ooAf. From (|4.15p we have Xf 7^ A" for 
i ^ j, and then, from (|4,9p . one obtains 

(4.16) X i X j = ^sup\A\ 2 + ^-\T\ 2 -c for j. 
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Now, on the one hand, taking the limit in (|4.8p and applying Lemma 12.31 we get 



£ A,) 2 = 2 £(A,) 2 + 2 ( sup !^! 2 + ^ \f\ 2 - 2c) , 



i=i i=i 
or, equivalently, 

(4.17) P = |0 4 | 2 + sup |^| 2 + — \T | 2 - 2c, 
2 S 3 3 

where 04 = A4 — I is the traceless part of A4 and 04 = limfc r _> 00 4>4,(pk r )- 
On the other hand, we have 

3 2 3 

E A ^ = ( E A *) - E( A *) 2 = 9 i F i 2 - (i^i 2 + 3 i^i 2 ) = 6 i F i 2 - i^i 2 ' 

i^j i=l i=l 

which, tacking the limit and using (|4.16j) . gives 

(4.18) |0 4 | 2 = 6|flf - 3sup |„4| 2 - 14c|T| 2 + 6c. 

E3 

Summarizing, from (|4.17j) and (|4.18p . one obtains 

M = -\\E\\ 

which is a contradiction and, therefore, this case cannot occur. 

We have just proved that our submanifold S m actually is a cmc hypersurface in 
M m+1 (c) for any m > 3. 

Now, from (|4.1|) . it is easy to see that 

|0| 2 <2c+^-|tf| 2 <r 2 , 
m — 1 

where is the traceless part of a and r is the positive root of the polynomial 

P (t) = ?+ m(m ~ 2) \H\t - m(c + \H\ 2 ). 
Wm(m — 1) 

We then use Theorem 1.5] (see also [TB]) to conclude that = 0, i.e. S m is a 
totally umbilical cmc hypersurface in M m+1 (c). □ 

Theorem 4.5. Let T, m be a complete non-minimal pmc submanifold in M n (c) x M., 
n > m > 3 ; c < 0, mi/i mean curvature vector field H and second fundamental form 
a. If H is orthogonal to £ and 

, 1 l9 2c(m + l) lrTnl n , m 2 TT|9 

(4.19) k +— -|T| 2 < 4c + jF| 2 , 

m m — 1 

i/ien S m is a totally umbilical cmc hypersurface in M m+1 (c). 

Proof. Let us consider a local orthonormal frame field {ii^+i, . . . , E n+ x} in the 
normal bundle such that E m+ \ = -Mr. Then, since H _L £, we have 



a>m+l 
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and, therefore, from the Schwarz inequality, one obtains 

2 / \ 2 



\A 



N\ 



Z a>m+ i(N,E a )A a < Z a>m+ i \(N,E a )\\A a 



< {Z a>m+1 \(N,E a )\*)(Z a>m+1 \A a \ 2 ) < \N\ 2 \A\ 2 

2M A\2 



(1-\T\ 2 )\A\ 2 , 



where \A\ 2 = J2 a >m+i \ A a? ■ Then, from ([Pj) . it follows that 
(4.20) ^ 

±A|„4| 2 > c(2m - (m + l)\T\ 2 )\A\< 



+ E^m+iK*™ im+ilttracef^im+i)) - (trace(vl a A m+ i)) 2 } 

+ E Ql/ 3> m +i {traced, Apf - (trace^vl^)) 2 }, 

where we also used the fact that — c^ Q > m +i l^a^l 2 > 0. 

Next, in the same way as in the proof of Theorem 14.41 we get 

{traced, A p ] 2 - (trace(^ a ^)) 2 } > ~\\A\ 4 

a,p>m+l 

and, using (|4.19p . 

Ea>m+i{( trace A m+ i) (traced 2 A m+l )) - (trace (A a A m+1 )) 2 } 

> (w|^|2 + c ( m + i)|T| 2 - 2cm)\A\ 2 . 
Replacing in (|4.20p . we obtain that 

^| 2 >^|A| 4 , 

which, again as in the proof of Theorem 14.41 implies that \A\ 2 = 0, and, therefore, 
A a = for all a > m + 1 . 

On the other hand, since H _L £ implies that A m+ iT = 0, and An = implies 
that |T| = constant, from Proposition 13. 4( we can see that 

= c(m-l)|T[ 2 (l-|T| 2 ), 

which means that either T = or T = ±£. If T = ±£, then S m is a vertical cylinder 
7r _1 (S m_1 ) over a pmc submanifold S m_1 in M n (c), with second fundamental form 
o"0) satisfying |o"o| = |cx|, and mean curvature vector field Hq = — ^^H. Then, from 
(g39]), it follows that 

laol 2 < (m - 1)|F | 2 + ^ " 1} < (m - l)|#o| 2 , 

m 

which is a contradiction. Hence T = and, using [11, Theorem 2], this leads to the 
conclusion that S m is a cmc hypersurface in M m+1 (c). 
Finally, we observe that, using (|4.19j) . we have 

| (A |2< 4c+ ^^[ F |2 <r 2 ) 

m — 1 

where is the traceless part of a and r is the positive root of the polynomial 

^/ % 9 m(m — 2) . ,,. . , TT ,9 N 

P(t) = £ 2 + v ; |g|t - m(c + |#| 2 ), 
\Jm(rn — 1) 
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and then, from [H Theorem 5], we get that <j> = 0, which means that X m is totally 
umbilical in M m+1 (c). □ 

In the case of pmc surfaces, we can state the following two results. 

Theorem 4.6. Let X 2 be a complete non-minimal pmc surface in M n (c) xl, n > 2, 
c > 0, such that the angle between H and £ is constant and 

\a\ 2 + 3c\T\ 2 < A\H\ 2 + 2c. 

Then, either 

(1) X 2 is pseudo-umbilical and lies in M n (c); or 

(2) X 2 is a torus S 1 (r) x S 1 (J± - r 2 j in M 3 (c) ; wii/i r 2 / ^. 

Proof. The map p 6 S 2 -> — //I)(p), where /i is a constant, is analytic, and, 
therefore, either X 2 is a pseudo-umbilical surface (at every point), or H is an um- 
bilical direction on a closed set without interior points. In the second case, H is not 
an umbilical direction on an open dense set W . We shall work on this set and then 
we shall extend the results to the whole surface by continuity. 

If X 2 is a pmc surface in M n (c) x R, then either X 2 is pseudo-umbilical, i.e. H 
is an umbilical direction everywhere, or, at any point in W, there exists a local 
orthonormal frame field that diagonalizes A\j for any normal vector field U defined 
on W (see [31 Lemma 1]). According to (3J Theorem 1], if X 2 is a pseudo-umbilical 
pmc surface in S n (c) x R, then it lies in M n (c), and if the surface is not pseudo- 
umbilical, then it lies in M 4 (c) x R. 

In the following, we shall assume that X 2 is not pseudo-umbilical and we shall 
prove that, in this case, it is a torus in M 3 (c). 

First, let {£"3 = p^, E4, £5} be a local orthonormal frame field in the normal 
bundle, and then observe that [A a , Ag] = for all a and (5. Moreover, diagonalizing 
simultaneously A± and A 5 , we easily get 

(trace(A 4 A 5 )) 2 = 2\A 4 \ 2 \A 5 \ 2 < ±(\A A \ 2 + \A 5 \ 2 ) 2 

which means that 

(4.21) trace [A 4 , A 5 ] 2 - (trace^^s)) 2 = -2|A 4 | 2 |A 5 | 2 > 

Now, taking into account that 

\A a T\ 2 = ^\T\ 2 \A a \ 2 

for a G {4,5}, since trace A a = 0, and then working exactly as in the proof of 
Theorem 14.41 we obtain 

A|^| 2 >i|^| 4 >0. 

By hypothesis, we have that the Gaussian curvature K of our surface satisfies 

= 2K = 2c(l - |T| 2 ) + A\H\ 2 - \a\ 2 > c\T\ 2 > 0, 

which means that X 2 is a parabolic space. Therefore, since \A\ 2 is a bounded subhar- 
monic function, we get that \A\ 2 = 0, i.e. A 4 = A§ = 0. Moreover, using Proposition 
13.41 we can see that either T = or T = ±£. Again as in Theorem 14.41 we discard 
the second case and we conclude that X 2 lies in M 3 (c) by using |1 1 1. Theorem 2]. 



= \\A\\ 
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Finally, since X 2 is not pseudo-umbilical, from a result in [13] (see also [21 The- 
orem 1.5]), we obtain that \a\ 2 = A\H\ 2 + 2c and that our surface is the torus 



Theorem 4.7. Let X 2 be a complete non-minimal pmc surface in M n {c) xl, n > 2, 
c < 0, such that H is orthogonal to £ and 



Then X 2 is pseudo-umbilical and lies in M n (c). 

Proof. Let us assume that X 2 is not pseudo-umbilical. Then, from (|4.21|) . and 
working as in Theorem 14.51 we can prove that X 2 lies in M 3 (c). On the other 
hand, we observe that |er| 2 < A\H\ 2 + 4c < 4|i?| 2 + 2c, and, therefore, using a result 
in |18j . we have that the surface is totally umbilical, which is a contradiction. □ 
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cr| 2 + 5c|T| 2 <4|#| 2 + 4c. 
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